SHARP SPECTRAL MULTIPLIERS FOR HARDY SPACES 
ASSOCIATED TO NON-NEGATIVE SELF-ADJOINT OPERATORS 

SATISFYING 
DAVIES-GAFFNEY ESTIMATES 

PENG CHEN 

Abstract. We consider the abstract non-negative self-adjoint operator L acting on L 2 (X) 
which satisfies Davies-Gaffney estimates and the corresponding Hardy spaces H^(X). We 
assume that doubling condition holds for the metric measure space X. We show that a 
sharp Hormander-type spectral multiplier theorem on H^(X) follows from restriction type 
estimates and the Davies-Gaffney estimates. We also describe the sharp result for the 
boundedness of Bochner-Riesz means on iJ£(X). 



1. Introduction 

Suppose that L is a non-negative self-adjoint operator acting on L 2 (X, /i), where X is 
a measure space with measure fi. Then L admits a spectral resolution E(X) and for any 
bounded Borel function F : [0, oo) — >■ C, one can define the operator 

POO 

(1.1) F(L) = / F{X)dE{\). 

Jo 

By the spectral theorem, this operator is bounded on L 2 (X). Spectral multiplier theorems 
give sufficient conditions on F and L which imply the boundedness of F(L) on various 
functional spaces defined on X. This is one of active topics in harmonic analysis and has 
been studied extensively We refer the reader to P El H El HOI H31 HS1 HSl US EH E3] 
and the references therein. 

Before we state our main result we describe our basic assumptions. We throughout 
assume that the considered metric measure space (X, d, fi) with a distance d and a non- 
negative Borel measure /i satisfies the volume doubling condition: there exists a constant 
C > such that for all x G X and for all r > 0, 

(1.2) V(x,2r) < CV{x,r) < oo, 

where V(x,r) is the volume of the ball B(x,r) centered at x of radius r. In particular, X 
is a space of homogeneous type. See for example [TT] . 

Note that the doubling condition (jl.2p implies that there exist some constants C, n > 
such that 

(1.3) V(x,Xr) < CX n V{x,r) 

uniformly for all A > 1 and In the sequel, we shall consider n as small as possible. In 

the Euclidean space with Lebesgue measure, the parameter n is the dimension of the space. 
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In this paper, we consider the following two conditions corresponding to the operator L. 

First, the operator L is a non-negative self-adjoint operator acting on L 2 (X) and the 
semigroup {e~ tL } t >o generated by L satisfies the Davies-Gaffney condition (See for example 
[12]). That is, there exist constants C, c > such that for any open subsets U\, U2 C X, 

(GE) \{e~ tL f x , f 2 )\ < Cexp ( - dlst (^) 2 j ^^y^^ y t > , 

for every fa G L 2 (X) with supp C U, i = 1, 2, where dist(Z7i, U 2 ) '■— ^xeUi,yeu 2 d{x, y). 

Second, the operator L satisfies restriction type estimates. Given a subset E C X , we 
define the projection operator P# by multiplying by the characteristic function of E, that 
is, 

Pjsf(x) = XE(x)f(x). 

For a function F : R — > C and i? > 0, we denote by 5rF : R — > C the function a; — >■ F(Rx). 
Following [8], we say that a non-negative self-adjoint operator L satisfies restriction type 
estimates if for any R > and all Borel functions F such that supp F C [0, there exist 
some po and g satisfying 1 < po < 2 and 1 < g < 00 such that 

(1.4) \\F(VL)P B(x , r) \\ po ^ < CV{x,r)^(Rr) n{ ^\\6 R F\\ Lq 

for all x G X and r > 1/R, where n is the dimension entering doubling volume condition 
(11. 3p . When L = —A on R n , this estimate is equivalent to the classic (p, 2) restriction 
estimate of Stein- Tomas. See [S] or Proposition 12.41 below. 

The aim of this paper is to obtain a sharp Hormander-type spectral multiplier theorem 
for abstract operators which generate semigroups satisfying Davies-Gaffney condition. More 
precisely, our result shows that restriction type estimates imply sharp spectral multipiers 
on Hardy spaces H^(X) for p > 0, where H^(X) is a new class of Hardy spaces associated 
toL([gEilIlliniIIBlII2ll22lI23ll21ll251,see Section 2 below). The theorem is valid for 
abstract self-adjoint operators. However, before the result can be applied one has to verify 
conditions (GE) and (11.41) . Usually proving restriction type condition (11.41) is difficult. See 
discussions in [8]. We discuss several examples of operators which satisfy required restriction 
type estimates in Section 4. On the other hand, condition (jl.4p with po = 1 and q = 00 
follows from Gaussian estimates (jl.8p for the heat kernel corresponding to the operator. See 
discussions in [S] and [To] . 

Let be a nontrivial compact supported smooth function and define the Sobolev norm 
H-^llw^ = II {I ~ d 2 1 1 dx 2 ) s l 2 F\\ L 2. The following theorem is the main result of the paper. 

Theorem 1.1. Consider the doubling metric measure space (X,d,fi) which satisfies U.3\) 
with dimension n. Assume that the operator L satifies Davies-Gaffney estimate (GE) and 
the restriction type condition (jl.4p for some po,q satisfying 1 < po < 2 and 1 < q < 00. 
Suppose that < p < 1 and for a bounded Borel function F , there exists some constant 
s > n{l/p — 1/2) such that 

(1.5) sup ||05tF|| w s 'i < 00. 

Then the operator F(\/~L) is bounded on H P L {X), i.e., there exists a constant C > such 
that 

\\F(VL)f\\ Hl(x) < C||/||^ (x) . 
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Remarks: 

i) Theorem 11.11 is sharp when q = 2 by considering Bochner-Riesz means on the spaces 
H P L (X). See Corollary O below. When L = —A on R n , it satisfies flO} with q = 2 for 
all 1 < po < (2n + 2)/(n + 3) and from this theorem we can obtain sharp results for the 
boundedness of classic Bochner-Riesz means on Hardy spaces H p (M. n ). 

ii) In [12], Theorem 11.11 was obtained under the condition (II. 5p with the norm W s '°°. Note 
that for fixed po if condition (11. 4ft holds for some q G [1, oo), then (11.41) holds for all q > q 
including the case q = oo and also note that the smaller q is, the weaker condition (I1.5P is. 
Although q = 2 leads to the sharp result, we have examples that the operator satisfies (11.41) 
with some q > 2 but it does not satisfy (11.41) with q = 2. For example, harmonic oscillator 
L = —d 2 /dx 2 + x 2 acting on L 2 {R) satisfies (ll.4p with p = 1 and q = 4 other than q = 2. 
See [HI Section 7.5] for more discussion. 

iii) We do not expect q < 2 for condition (jl.4p . If (jl.4j) holds for some q < 2, by 
Theorem 11.11 the classic Bonchner-Riesz mean operator would be bounded for some 5 < 
n(l/p— 1/2) — 1/2 and this contradicts the well known result that 5 > n(l/p— 1/2) — 1/2 is 
necessary for the classic Bonchner-Riesz summability. However, if we consider po — > r norm 
in (11.41) with some r > 2 instead of po — > 2 norm, using analogous argument, we can get 
similar results for some 1 < q < 2. 

A standard application of spectral multiplier theorems is to consider the boundedness of 
Bochner-Riesz means. Let us recall that Bochner-Riesz means of order 5 for a non-negative 
self-adjoint operator L are defined by the formula 

(1.6) s 6 R (L)=(l-^J , R>0. 

In Theorem ll.il if one chooses F(\) = (1 — A 2 )^_ then F G W^' q if and only if 5 > (3 — 1/q. 
We then have the following corollary, which generalizes the classical result due to Sjolin 
[32] and Stein- Taibleson- Weiss |34j on the Bochner-Riesz means, and this result is sharp for 
Laplacian on R n (see [32]). 

Corollary 1.2. Assume that the operator L satifies Davies-Gaffney estimate (GE) and the 
restriction type condition (11.41) for somep , q satisfying 1 < p < 2 and 1 < q < oo. Suppose 
that < p < 1. Then for all 5 > n(l/p — 1/2) — 1/q, we have 



(1.7) 

uniformly in R > 0. 



R 2 



< C 



Note that when the semigroup e tL generated by L has a kernel p t (x,y) satisfying a 
Gaussian upper bound, that is 

(1-8) \Pt{x,y) \ < — 7=rexp - 



V{x, \Tt) V ct 

for all t > 0, and x,y G X, then the Hardy space H P L (X) coincides with L P (X) for every 
1 < p < oo (see [2, [22] ) . Hence the following corollary is a consequence of Theorem 11.11 
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Corollary 1.3. Assume that the heat kernel corresponding to the operator L satisfies (11.81) 
and the operator L satisfies the restriction type condition (11.41) for some po, q satisfying 
1 < po < 2 and 1 < q < oo. Then for any even bounded Borel function F such that 
sup t>0 w s -i < oo for some s > n(l/pi — 1/2) and 1 < pi < po, the operator F(\/L) 

is bounded on L P (X) for pi < p < p\, i.e., there exists a constant C > such that 

\\F(VL)f\\ LP(x) < C\\f\\ LP(x) . 

The paper is organized as follows. In Section 2, we recall some preliminary results about 
finite speed propagation property, restriction type estimates and Hardy space H^(X) as- 
sociated to an operator L, and state a criterion for boundedness of spectral multipliers on 
H P L (X). In Section 3, we will prove our main result, Theorem II .1} by using some estimates 
for the operator F(\/L) away from the diagonal and the restriction type estimates. 

Throughout, the letter "C" and "c" will denote (possibly different) constants that are 
independent of the essential variables. 

2. Preliminaries 

To simplifying the notation, we shall often just use B instead of B(x,r). Given A > 0, 
we will write XB for the A-dilated ball which is the ball with the same center as B and with 
radius Ar. For 1 < p < +oo, we denote the norm of a function / e L P (X, d/j.) by ||/|| p . If T 
is a bounded linear operator from L P (X, dp.) to L q (X, dpi), 1 < p, q < +oo, we write HTHp-^ 
for the operator norm of T. Let be a non-negative C£°-function such that 

(2.1) supp0 C (-, 1) and ^0(2 _< A) = 1 for all A > 0. 

2.1. Finite speed propagation for the wave equation. Following j9], we set 

V p = {(x, y)eXxX: d(x, y) < p}. 
Given an operator T from L P (X) to L q (X), we write 

(2.2) suppir T C£> p 

if (T/1,/2) = whenever fk is in C(X) and supp fk C B(xi~,Pk) when k = 1,2, and 
Pi + P2 + P < d(xi, x 2 ). One says that cos(tvT) satisfies finite speed propagation property 
if there holds 

(FS) su W K cos(tVI) CV t Wt>0. 

More precisely, we have the following result. 

Proposition 2.1. Let L be a non-negative self-adjoint operator acting on L 2 (X). Then the 
finite speed propagation property (FS) and Davies-Gaffney estimate (GE) are equivalent. 



Proof. For the proof, we refer the reader to Theorem 2 in [30] and Theorem 3.4 in |9j. See 
also [6J. ' ' □ 

The following lemma is a straightforward consequence of (FS). 

Lemma 2.2. Assume that L satisfies (FS) and that F is an even bounded Borel function 
with Fourier transform F satisfying supp F C [— p, p] . Then 

supp K F{VT) C V p . 
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Proof. If F is an even function, then by the Fourier inversion formula, 

i r+oo 

F(VZ) = — / F(t) cos(tVZ) dt. 
2vr > /_ 00 

But supp F C [— p, p] and Lemma [2.21 follows from (FS). □ 

2.2. Restriction type estimates. The following result was obtained in [HI Proposition 2.3]. 

Proposition 2.3. Suppose that (X,d,p) satisfies properties $1.3\) . Let 1 < po < 2 and 
N > n(l/p — 1/2). Then condition (11. 4p with q = oo is equivalent with each of the following 
conditions: 

(a) For all x > and r > t > we have 



(Gp , 2 ) ¥' t2Lp B^r)\\ P ^2 < CV(x,rf^Q <n " 2] 

(b) For all x G X and r > t > we have 

(E P0j2 ) IKl+tVI)-^^)!!^ < CVfor)*"* 

Following [21], one says that L satisfies L po to L p '° restriction estimates if the spectral 
measure dE^(X) maps L Po (X) to L p o(X) for some po satisfying 1 < p < 2n/(n + 1), with 
an operator norm estimate 

( R po) II^ML^^""* 3 " 1 



for all A > 0. 



Proposition 2.4. Suppose that there exist positive constants < C\ < < oo snc/i £/ia£ 
Cir n < V(x, r) < C 2 r n /or every x & X and r > 0. TTien conditions (R Po ) and (ll.4p wif/i 
g = 2 are equivalent. 

Proof. For the proof, we refer the reader to [HI Proposition 2.4]. □ 



2.3. Hardy spaces H^(X). The following definition of Hardy spaces H^(X) comes from 
[19] (see also [22]). Following [3], one can define the L? adapted Hardy space 

(2.3) E\X) := BjT), 

that is, the closure of the range of L in L 2 (X). Then L 2 (X) is the orthogonal sum of H 2 (X) 
and the null space N(L). 

Consider the following quadratic operators associated to L 

(2.4) ww= (f/ l(t * Lfe -^ f(y) M d 2y<\ xeX 

Wo Jd(x,y)<t V{x,t) t J 

where / G L 2 (X). For each K > 1 and 1 < p < oo, we now define 

D K , P = [f G # 2 (X) : SVk/ G L p (X)}, < p < oo. 
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Definition 2.5. Let L be a non-negative self-adjoint operator on L 2 (X) satisfying the 
Davies-Gaffney condition (GE). 

(i) For each < p < 2, the Hardy space H P L (X) associated to L is the completion of the 
space D\, p in the norm 

||/||h£(x) = \\Sh,if\\Lp(x)- 

(ii) For each 2 < p < oo, the Hardy space H P (X) associated to L is the completion of the 
space Dk , p in the norm 

n 

ll/lkpo = ||SWIk(*)> K o= [^l+i. 

Under an assumption of Gaussian upper bounds (11.81) . it was proved in [2] that H^(X) = 
L P (X) for all 1 < p < 00. Note that, in this paper, we only assume the Davies-Gaffney 
estimates on the heat kernel of L, and hence for 1 < p < 00, p ^ 2, H P L {X) may or may not 
coincide with the space L P (X). However, it can be verified that Hl(X) = H 2 (X) and the 
dual of H P L {X) is H((X), with 1/p+l/p' = 1 (see Proposition 9.4 of [22]). We also recall 
that the H P L {X) spaces (1 < p < +00) are a family of interpolation spaces for the complex 
interpolation method. See [221 Proposition 9.5]). 

2.4. A criterion for boundedness of spectral multipliers on H^X). We now state 
a criterion from [19] that allows us to derive estimates on Hardy spaces H P L (X). This 
generalizes the classical Calderon-Zygmund theory and we would like to emphasize that the 
conditions imposed involve the multiplier operator and its action on functions but not its 
kernel. 

Lemma 2.6. Let L be a non-negative self-adjoint operator acting on L 2 (X) satisfying the 
Davies-Gaffney estimate (GE). Let m be a bounded Borel function. Suppose that < p < 1 
and M > ~ (~ — |). Assume that there exist constants s > — |) and C > such that 
for every j = 2, 3 ■ • • , 

(2-5) \\F(L)(I - e-^ L ) M f\\ L2{23BX2] _ 1B) < C2-*\\f\\»(m 

for any ball B with radius re and for all f G L 2 (X) with supp f C B. Then the operator 
F(L) extends to a bounded operator on H P L {X). More precisely, there exists a constant 
C > such that for all f e H P L (X) 

(2-6) \\F(L)f\\ Hl(x) <C\\f\\ Hl(x) . 

Proof. For the proof, we refer the reader to [13 Theorem 3.1]. □ 



3. Proof of Theorem 11.11 

For s 6 1 and p, q in [1, 00], we denote by B P > q the usual Besov space (see, e.g., [4]). In 
order to prove Theorem II. 1[ let us first show the following useful auxiliary lemma. 

Lemma 3.1. Assume that operator L satisfies the finite speed propagation property (FS) 
and condition (jl.4p for some po, q satisfying 1 < p < 2 and 1 < q < 00. Next assume that 
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function F is even and supported on [-R, R}. Then for any s > max{n(l/po — 1/2) — 1) 0}, 
there exists a constant C s such that for any ball B = B(x, r) and for every j = 1, 2 • • • , 
(3-1) 

[ C s V(x,r)^^(R r ) n{ m-^\2i r R)-°\\S R F\\ Bq>1 rR>l; 

\\PB(x&r)°F(y/L)P B (x,r)\\ 2 <{ 1 1 

\C,V(x,R- x Y ^(2hR)- s \\5 R F\\ Bt>l rR<l. 

Proof. Our approach is inspired by the proof of Lemma 3.4 in [9]. Fix r, j and R such that 
2 jf_5 ri? > 1. Otherwise, by condition (11. 4p the proof of (13. ip is trivial. Note that 0o and 
4>k are smooth even functions supported in [—4,4] and [2 k , 2 k+2 ] U [— 2 k+2 , —2 k ] respectively. 
Further, 0o(A) + Ea,->i M*) = 1 for a11 A and 0o = 1 on [-2, 2}. We set if)(\) = o (A/(2^ 3 r)) 

and ^o(A) = 0o(A/(2 J '" 3 r J R)). Define as T+F = </>F. Since supp ip C [-2P~\ V^r], it 
follows by Lemma 12.21 



suppi^ F(VE) C {(z,y) E X x X : d(z,y) < 2 j V}. 

Hence, 

K F{VZ)( Z iV) = K [F-T^F](VL)( Z ^y) 

for all z,y such that d(z,y) > 2- ? ~ 1 r. We obtain 

(3.2) \\P B(x>2jrr F(VL)P B{x>r) \\ po ^ < \\[F-T^F)(VL)P B{x>r) \\ po ^ 2 . 

Now, 

F-T^F = J2 S R-^)[F-T^F] 

k>0 

= 5 R -i(<p )[F-T^F]-J2^R-<<Pk)T^F 

k>l 

= 8 R -i(<f>o)[F - T^F] - (1 - ^-!(0 O ))^F, 

since k > 1, supp S R -i{(j) k ) C [-2 fe+2 .R, -2 fc i2] U [2 fc i2, 2 fe + 2 i2], and supp F C It 
follows that 



F(VZ)P B(x , r) \\ < \\5 R M<p )[F-T^F](VL)P B{x 



(3-3) + ||(l-^- 1 (0 o ))^F(v / Z)P i3 (., r )|| po ^ 2 . 

Case 1; r# > 1. 
Note that supp 8 R -i((f) Q ) C [-4R,4R]. By condition ( FOj) . 

11^(00)^ -^F](VZ)Pb ( ^)|| Po ^ 2 < C7\/(a;,r)^^(i?r) ri( -^ ) ||0 o 5 R [F-r v ,F]|| Lg 

= CV(x, r)'~« (i?r)" ( ™ ~^ || ^ T 0i [J - T^]6 R F 



Li 



i>0 
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Note that </>;(A)(l-^o(A)) = 0,(A)(l-0 o (A/(2 J - 3 r J R))) = for all A G R unless T > 2 j ~ 4 rR. 
Consequently, T^JJ — T^ ]5 R F = unless i > io, where io = log 2 (2 J,_4 r_R), and 

\\5 R -i{<p )[F - T^F\{VL)P B{x>r) \ 



< 


CV(x,r) 


1 


1 ^/ 1 


i \ 

-i^IKII-T^SrF 










i>i 


< 


CV(x,r] 


i 

2 ~ 


~m (Rr) n{ Po 


4) EII T <^ F L 










i>io 


< 


CV(x,r) 


i 

2 ~ 


po (Rr) v ™ 


-^2~ i0S J2^ s \\T^ R F\\ 










i>i 


< 


CV(x,r) 


i 

2 ~ 


po (R r ) y vo 


-^\yrR)- s \\5 R F\\ Bfl . 



(3.4) 

We now treat the remain term in formula (13.31) . We claim that for any s > 0, 
(3.5) sup(l - a*-i(0 o )(A))T^F(A)(l + iT 1 ^)^ 1 < C(2>rR)-'\\6 R F\\ L ,. 



x 



Let / denotes the inverse Fourier transform of function /. We observe that |A — y\ ~ |A| if 
|A| > 2R and \y\ < R, and hence 



1| 



sup(l - <J fl _x(0o)(A))T^(A)(l + ^lAi) 

A 



vs+1 



< sup(l - o (A/i?))|(V * F)(A)|(1 + \X\/RY 

x 

< sup(l - o (A/#)) rF(y)^(A-y)^(l + |A|/i?) s+1 

< sup(l - o (A/i?))2^ 3 r + 2^ 3 r|A - ^(1 + |A|/i?) s+1 

A J-R 

< C7sup(l - o (A/ J R))2^ 3 r/?(l + 2^ 3 r|A|)- s - 1 (l + \X\/R) a+1 \\5 R F\\ Lq 

x 

< C{VrR)- s \\5 R F\\ Li- 

From (13. 5 p and Proposition 12.31 h follows that for any s > max{n(l/po — 1/2) — 1,0} 

;1-<5«- 1 (0o))^F(v / L)Pb(^)|| po ^ 2 

< sup|(l-5 R - 1 (0 o )(A))T V) F(A)(l + J R- 1 |A|) s+1 | || (/ + iT 1 ^)— 1 /^ 



x 

\ » DA 2 ' 



P0->2 



(3.6) < CV(x,r) 2 ~^(Rr) { "o *>(2 j rR)- a \\5 R F\ 

Then estimates of (I3.3p . (13 .4[) and (I3.6P imply estimate (13. ip for any s > max{n(l/po — 
1/2) -1,0}. 

Case 2: rR < 1. 
It follows from ( 13.311 that 

r )\\ P0 ^2 

(3.7% ||cW0o)[P - ^F](VZ)Pb(^-i)|| m _ 2 + ||(1 - <5«- 1 (0o))T V) F(v / Z)P B (^-i)|| po ^ 2 . 

Replacing B(x,r) by B(x,R~ 1 ) in (13. 4p and (13.61) . a similar argument as in Case 1 shows 
(12. 6p . and we skip it here. The proof of Lemma [3. II is complete. □ 



F{^L)P B{X . 
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Proof of Theorem II. 11 To prove Theorem ll.il by Lemma 1231 it suffices to verify condition 
( 12. 51) . Recall that is a non- negative function such that 

supp <p C (-, 1) and ^ 0(2 _£ A) = 1 for all A > 0. 

eez 

Then 

F(X) = 0(2^A)F(A) = F *W for a11 A > °- 

lez £&z 

For every i £ Z and r > 0, set F^ M = F e {X)(l - e~ r2x2 ) M . So for any ball B = B(x,r), 
(3.8) \\F(VZ)(I - e- r2L ) M f\\ L , {2JBX23 -, B) < \\Fl M (VL)f\\ L2(23B ^- lB) . 

Fix / £ L 2 (X) with supp / C B and j > 2. Note that supp F^ M C [-2 £ , 2 £ ]. So if r2 £ < 1, 
it follows Lemma [3.11 that for any s > max{n(l/po — 1/2) — 1, 0} 

1 1 F r,M ( VA) / 1 U 2 (2iB\2J'-l B) 

(3.9) 

Similarly if r2 l > 1, then 

1 1 F r,M ( V^) / 1 1 L 2 (2J ' B\2J ' - 1 B) 
(3.10) 

Note that for any e > < C , £ ||F|| H / s .'j (see, e.g. jl]). Choosing s such that 

M > s > n(l/p — 1/2), it follows from (IP]) . , <K9\f and (l3~T0|) that 

||F(VL)(/-e- r2i ) M /|U 2(2 , flV2 ,-x B) < C2-> s \\f\\ L i. 

This proves (I23|) . Hence, by Lemma £2J F(VZ) can be extended to be a bounded operator 
on H L (X). The proof of Theorem 11.11 is complete. □ 

Proof of Corollary 11.31 Firstly, we note that when p\ = po, Corollary 11.31 follows from [El 
Theorem 4.1]. Secondly, it follows by Theorem II. II that Corollary 11.31 holds for p\ = 1. Now 
we follow an idea as in [29] to construct a family of spectral multipliers {F z : z £ C, < 
Rez < 1} as follows: 

«^ / d \ (z-0)n(l-l/p o )/2 

F,(A)= ^ B(2-A)(l-2 2 ^y (F(A)0(2-A)), 



(vT)Pb|| 

< Cy(x ) 2- | )^^(2^)- s ||^F/ jM || B? , 1 ||/|U P0 

< C2-^(2V) 2M - S ||0^ J F|| B8 , 1 ||/|U 2 . 

II II _L> S 

< 1 1 A j b \ 2 j 1 - 1 b K \ M ( PbIU-^H/IUpo 

< CV(x,r)^(2W) n{ ^\2^r2 e )- s \\5 2 ^ 

< C(2V) n( ^^ ) (2^- s ||^^ M || B|!l ||/|| i2 

< C2-^(2V) n( ^^ ) - s ||0^F|| B? , 1 ||/|| L2 . 
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where 9 = (1 - l/pi)/(l - l/p ) and G Cf ([1/4, 4]), e ([1/2, 2]), 77 = 1 on [1/2,2] 
and J2j ^( 2_j A) = £\ 0(2^' A) = 1 for all A > 0. Observe that if z = 1 + iy, then 

sup 1 1 (p5 t Fi + iy\\ W n, 1 < Csup ||0^F|| W a, s (l + \y\) n/2 
t>o t>o 

for some s\ > n(l/po — 1/2). On the other hand, if z = iy, then 

sup U5 t F iy \\ W s 2 , q < Csup 110^11^(1 + \y\f 2 

t>0 t>0 

for some s 2 > n/2. It follows by J8J Theorem 4.1] that Fi +iy (y/~L) is bounded on H^(X) for 
Po < p < p' and by Theorem 11.11 that F iy (\fL) is bounded on H\(X). Applying the three 
line theorem, we get Fg(vL) = F(y/~L) is bounded on H^(X), that is, F{yL) is bounded 
on L P (X) for p 1 < p < p[. □ 



4. Applications 

Theorem 11.11 is valid for abstract self-adjoint operators. However, before the result can 
be applied one has to verify conditions (GE) and (11.41) . Usually proving restriction type 
condition ( 11. 4p is difficult. See discussions in [S]. In this section, we discuss several examples 
of operators which satisfy required restriction type estimates and apply our main results to 
these operators. 

4.1. Sub-Laplacians on homogeneous groups. Let G be a homogeneous Lie group of 
polynomial growth with homogeneous dimension n (see for examples, [7J H31 [201 ES]) an d 
let Xi,...,Xj~ be a system of left-invariant vector fields on G satisfying the Hormander 
condition. We define the sub-Laplace operator L acting on L 2 {G) by the formula 

k 

(4-1) L = -^Xl 

»=i 

Proposition 4.1. Let L be the homogeneous sub-Laplacian defined by the formula (14. ip 
acting on a homogeneous group G. Then condition ( 11. 4p holds for p = 1 and q = 2, and 
hence results of Theorem \l.l\ and Corollary \1.S\ hold for q = 2. 

Proof. It is well known that the heat kernel corresponding to the operator L satisfies 
Davies-Gaffeny estimate (GE). It is also not difficult to check that for some constant C > 

/•oo 

\\F(VL)\\bm^L-(x) = c / \F{t)\H n ~ l dt. 

Jo 

See for example equation (7.1) of [15] or [7, Proposition 10]. It was proved that the above 
equality implies condition ( II ,4p with p = 1 and q = 2 (see [HI Section 12]). Then Theo- 
rem 11.11 and Corollary 11.21 imply Proposition 14.11 □ 

Proposition 14.11 can be extended to "quasi-homogeneous" operators acting on homoge- 
neous groups, see (31] and [T5] . 
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4.2. Shrodinger operators on asymptotically conic manifolds. Asymptotically conic 
manifolds (see [28] ) are defined as the interior of a compact manifold M with boundary, such 
that the metric g is smooth on the interior and in a collar neighbourhood of the boundary 
has the form 

dx 2 h(x) 



where x is a smooth boundary defining function and h(x) is a smooth family of metrics on 
the boundary. 

Proposition 4.2. Let (M,g) be a nontrapping asymptotically conic manifold of dimension 
n > 3, and let x be a smooth boundary defining function of dM. Let L := — A + V be a 
Schrddinger operator with V G x 3 C°°(M) and assume that L is a positive operator and 
is neither an eigenvalue nor a resonance. Then condition (11 Ah is true with q = 2 for all 
1 < Po < (2n + 2) / (n + 3) ; and hence results of Theorem \1.1\ and Corollary \1.S\ hold for 
q = 2. 

Proof. It was proved in [2lT Theorem 1.3] that condition (R Po ) is satisfied for L when 1 < 
Po < (2n + 2)/(n + 3). By Proposition 12.41 Theorem 1 1 . 1 1 and Corollary 11.21 Proposition 14.21 
is proved. □ 



4.3. Schrodinger operators with the inverse-square potential. In this subsection, we 
consider Shrodinger operators L = —A + V on L 2 (M. n ,dx), where V(x) = -An. We assume 

that n > 2 and c > — (n — 2) 2 /4. The classical Hardy inequality 

(rz — 2) 2 , , 2 

(4.2) -A> 1 4 J \x\~ 2 , 

shows that the self-adjoint operator L is non-negative if c > —{n — 2) 2 /4. Set p* c = n/a, 
a = max{(n — 2)/2 — ^JJn — 2) 2 /4 + c, 0}. If c > then the semigroup exp(— tL) is pointwise 
bounded by the Gaussian upper bound (jl.8p and hence acts on all LP spaces with 1 < p < oo. 
If c < 0, then exp(— tL) acts as a uniformly bounded semigroup on L p (IR n ) for p e ((p*)',Pc) 
and the range ((p*)',pl) is optimal (see for example [27]). 

For these Shrodinger operators, we have the following proposition. 

Proposition 4.3. Assume that n > 2 and let L = —A + V be a Schrddinger operator on 
L 2 (R n ,dx) where V(x) = A and c> -(n - 2) 2 /4. Suppose that p 6 ((p*)',2n/(n + 2)] 

where p* = n/a and a = max{(n — 2)/2 — y/Jn — 2) 2 + c, 0} and (p*)' its dual exponent. 
Then condition (11. 4p is true with q = 2, and hence results of Theorem \l.l\ and Corollary \l.S\ 
hold for q = 2. 

Proof. It was proved in [8j Section 10] that L satisfies restriction estimate (R po ) for all 
Po e ((p*)',^]. If c > 0, then p = (p*)' = 1 is included. By Proposition E31 (R Po ) 
and (II .4p with q = 2 are equivalent. Now Proposition 14.31 follows from Theorem 11.11 and 
Corollary O □ 
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